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General relativity under the assumption of noncommuting components of the tetrad field is con-
sidered in this paper. Since the algebraic properties of the tetrad field representing the gravitational
field are assumed to correspond to the noncommutativity algebra of the coordinates in the canonical
case of noncommutative geometry, this idea is closely related to noncommutative geometry as well
as to canonical quantization of gravity. According to this presupposition generalized field equa-
tions for general relativity are derived which are obtained by replacing the usual tetrad field by the
tetrad field operator within the actions and then building expectation values of the corresponding
field equations between coherent states. These coherent states refer to creation and annihilation
operators created from the components of the tetrad field operator. In this sense the obtained the-
ory could be regarded as a kind of semiclassical approximation of a complete quantum description
of gravity. The consideration presupposes a special choice of the tensor determining the algebra
providing a division of space-time into two two-dimensional planes.
I. INTRODUCTION
The unification of quantum theory and general relativity is perhaps the most important question in contemporary
fundamental physics. One very important approach concerning a quantum theoretical description of general rela-
tivity is the canonical quantization of the gravitational field. In particular, the special manifestation given by loop
quantum gravity [1],[2] based on the new variables to describe the gravitational field introduced by Ashtekar [3],[4]
is considered as a very promising candidate for a quantum description of the gravitational field. Noncommutative
geometry represents another very promising concept towards a quantum theory of gravity. In [5] has been shown how
to maintain gauge invariance in the context of noncommutative geometry, if the usual approach to noncommutative
geometry with the star product is presupposed. Various quantum field theories have been formulated by using the
star product [6–31]. Also general relativity and modified gravity theories on noncommutative space-time [32–74] as
well as aspects of cosmology in the context of noncommutative geometry [75–78] have been considered. The relation
of noncommutative geometry and quantum gravity has been treated in [79–90].
In this paper a kind of combination of quantum gravity and noncommutative geometry is suggested. General
relativity is explored under the assumption that the components of the gravitational field, or the tetrad field to be
more specific, fulfil commutation relations which correspond to the algebra of the canonical case of noncommutative
geometry which usually refers to the space-time coordinates. The relation to canonical quantum gravity consists in
the postulated canonical commutation relations for the gravitational field in the sense of a field quantization and
the relation to noncommutative geometry consists in the special form of the commutation relations corresponding
to the canonical case of noncommutative geometry, since in the approach of this paper the commutation relations
of noncommutative geometry are transferred from the coordinates to the components of the tetrad field. Quantum
field theory on noncommutative space-time in the sense of noncommuting space-time coordinates is usually treated
by using the star product approach which is based on Weyl quantization and maps products of fields depending on
noncommuting coordinates to products of fields depending on usual coordinates. Of course, this approach cannot
be used with respect to the noncommutativity of the gravitational field considered in this paper, since here the
components of a field itself do not commute with each other. This is in contrast to the usual formulation of quantum
field theories on noncommutative spacetime, where the components of the coordinates fulfil nontrivial commutation
relations. However, there exists another important approach to treat noncommutative geometry which is called the
coherent state approach, because there are defined coherent states which refer to creation and annihilation operators
obtained from linear combinations of the noncommuting quantities, namely the components of the position vector in
case of usual noncommutative geometry. In this approach the generalized quantities depending on the noncommuting
coordinates are mapped to generalized quantities depending on usual coordinates by building expectation values
between such coherent states. The coherent state approach has been developed in [91],[92],[93] where has been
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2calculated an extended expression for plane waves depending on noncommuting coordinates. In [94] the coherent
state approach has been extended to the case of noncommuting coordinates and momenta and an extended expression
for plane waves has also been determined, and using this expression the corresponding generalization of quantum
field theory has finally been considered and derived a propagator. Also thermodynamics has been treated within
the coherent state approach to noncommutative geometry [95]. In contrast to the star product the treatment of
noncommutative geometry within the coherent state approach can be transferred to the case of noncommuting fields
and especially to the case of noncommuting components of the tetrad field as they are treated in this paper.
The structure of this paper is as follows: A short review of the coherent state approach to noncommutative geometry
with respect to the usual case of noncommuting coordinates is given at the beginning. Then the noncommutativity
algebra of the tetrad field is provided. To enable the application of the coherent state approach to noncommuting
components of the tetrad field it is inevitable to use a special form of the tensor defining the noncommutativity
which implies a foliation of space-time into a couple of two-dimensional submanifolds. Based on this algebra linear
combinations of components of the tetrad field which behave like creation and annihilation operators are defined and
with respect to them coherent states referring indirectly to the tetrad field can be introduced . According to the
considerations mentioned above expressions depending on the noncommuting gravitational field will be mapped to
expressions depending on the usual commuting gravitational field by building expectation values between coherent
states referring to the gravitational field. As a first application of the developed concept, besides the expectation
value of the resulting metric operator and the tetrad field operator which is equal to the usual tetrad field itself, the
expectation value of the volume element with respect to the coherent states is calculated. Using these concepts the
generalized field equation for a matter field coupled to the gravitational field and the generalized Einstein field equation
are subsequently calculated, which are obtained by replacing the usual tetrad field by the tetrad field operator obeying
the noncommutativity algebra within the corresponding actions, varying the actions with respect to the tetrad field
operator and then building the expectation value between coherent states. A calculation to the third order in an
expansion of the tetrad field around the Kronecker symbol corresponding to the Minkowski metric in both cases is
performed, because this is the lowest order leading to a deformation of the Einstein field equation of the gravitational
field. This generalized description of the dynamics of the gravitational field according to general relativity with the
noncommutative tetrad field can be considered as a special kind of a semiclassical description of general relativity.
II. REVIEW OF THE COHERENT STATE APPROACH TO NONCOMMUTATIVE GEOMETRY
In the coherent state approach to noncommutative geometry a canonical algebra between the coordinates is assumed
which reads as follows:
[xˆµ, xˆν ] = iΘµν, µ, ν = 1, ..., D, (1)
where [Aˆ, Bˆ] = AˆBˆ − BˆAˆ and Θµν is of the following special shape:
Θµν = diag
(
Θ1,Θ2, ...,ΘD/2
)
, (2)
where the Θi are defined as
Θi =
(
0 θi
−θi 0
)
, i = 1, ..., d = D/2. (3)
This means that space-time is divided into two-dimensional submanifolds by the noncommutativity tensor. If the
components of the space-time coordinate are denoted as follows:
xˆµ =
(
xˆ1, xˆ2, ..., xˆ2d−1, xˆ2d
)
, (4)
then because of (3) it holds for the components of xˆµ
[
xˆ2i−1, xˆ2i
]
= iθi, i = 1, ..., d. (5)
Creation and annihilation operators can now be defined according to
3aˆi =
1√
2θi
(xˆ2i−1 + ixˆ2i) , aˆ
†
i =
1√
2θi
(xˆ2i−1 − ixˆ2i) , i = 1, ..., d, (6)
which fulfil the algebra
[
aˆi, aˆ
†
j
]
= δij , i, j = 1, ..., d, (7)
where δij denotes the Kronecker symbol. Accordingly d pairs of creation and annihilation operators are defined which
are constructed by the d = D/2 pairs of coordinates referring to the d two-dimensional submanifolds defined by (5).
With respect to (7) coherent states can be defined according to
|a〉 =
∏
i
exp
(
−|ai|
2
2
)
exp
(
aiaˆ
†
i
)
|0〉 =
∏
i
exp
(
−|ai|
2
2
) ∞∑
n=0
ani√
n!
aˆ†ni√
n!
|0〉 =
∏
i
exp
(
−|ai|
2
2
) ∞∑
n=0
ani√
n!
|nai〉, (8)
where ai and a
∗
i describe the corresponding eigenvalues to the operators aˆi and aˆ
†
i , the |nai〉 describe the eigenstates
of the occupation number operator a†iai and |0〉 denotes the vacuum state. For the coherent states (8) hold eigenvalue
equations which read
aˆi|a〉 = ai|a〉 , 〈a|aˆ†i = 〈a|a∗i . (9)
By using these coherent states an expectation value of any function f(xˆ) depending on the noncommuting coordinates
can be defined according to
〈f(xˆ)〉 = 〈a|f(xˆ1, xˆ2, ..., xˆ2d−1, xˆ2d)|a〉 = 〈a|f(aˆ1, aˆ†1, ..., aˆd, aˆ†d)|a〉 = F (a1, a∗1..., ad, a∗d) = F (x), (10)
where F (x) is a new function depending on the usual coordinates xi given by the expectation value of the corresponding
operators: xi = 〈a|xˆi|a〉. This means that it is possible to map arbitrary functions depending on noncommutative
coordinates to functions (with additional terms) depending on usual coordinates by using the coherent states and in
this sense the coherent states provide an alternative procedure besides the star product to map products of functions
on noncommutative space-time to expressions with additional terms on usual space-time. The coherent state approach
has been developed in [91],[92],[93] and extended in [94],[95]. If one refers to the usual case of a (3+1)-dimensional
space-time, one has to choose d = 2 which means that space-time is divided into two two-dimensional submanifolds.
In the next section an analogue noncommutativity algebra for the tetrad field will be introduced and after this the
coherent state approach presented in this section will be transferred to this case of noncommuting tetrad fields.
III. NONCOMMUTATIVITY ALGEBRA FOR THE TETRAD FIELD OPERATOR
As a basic assumption there is postulated that the components of the tetrad field describing the gravitational field
become operators,
eµm → eˆµm, (11)
which fulfil the following fundamental canonical noncommutativity algebra:
[eˆµm(x), eˆ
ν
n(y)] = iΛ
µνδmnδ(x− y), (12)
where Λµν denotes the antisymmetric tensor describing the noncommutativity of the tetrad field and δ(x− y) denotes
the delta function. This kind of quantization of the tetrad field is related to the canonical case of noncommutativity
relations between coordinates on the one hand and to the canonical quantization of a local field theory on the other
hand, what becomes manifest with respect to the delta function on the left hand side of the commutation relation
or quantization condition (12). In this sense it represents a combination of noncommutative geometry and a certain
4kind of quantization of the gravitational field in the sense of a field quantization. The relation between quantum
mechanics and noncommutative geometry is analogue to the relation between canonical quantum gravity and the
above way of a quantum theoretical treatment of the tetrad field. In noncommutative geometry the commutation
relation between position and momentum, [xˆi, pˆj ] = iδ
i
j, is transferred to the several components of position and
leads to commutation relations between them: [xˆµ, xˆν ] = iθµν . And in the theory based on the algebra (12) the
idea of a canonical quantization between a quantity describing the gravitational field (metric, tetrad or connection)
and its canonical conjugated momentum, [hˆab(x), pˆcd(y)] =
i
2
(
δac δ
b
d + δ
b
cδ
a
d
)
δ(x − y) in quantum geometrodynamics
for example where hab describes the three metric and p
cd its canonical conjugated momentum, is transferred to the
several components of the quantity describing the gravitational field, the tetrad field in the consideration of this paper,
leading accordingly to canonical commutation relations between them. In subsequent sections it will become necessary
to perform a series expansion of the gravitational field. To perform a series expansion the tetrad field operator eˆµm
can be expressed as the sum of the Kronecker symbol δµm and an operator hˆ
µ
m representing a quantum version of a
small fluctuation of the gravitational field around flat space-time,
eˆµm = δ
µ
m1+ hˆ
µ
m, (13)
where hˆµm fulfils the same algebra as eˆ
µ
m,
[eˆµm(x), eˆ
ν
n(y)] = iΛ
µνδmnδ(x − y) ⇔
[
δµm1+ hˆ
µ
m(x), δ
ν
n1+ hˆ
ν
n(y)
]
= iΛµνδmnδ(x− y)
⇔ [δµm1, δνn1] = 0 ,
[
δµm1, hˆ
ν
n(x)
]
+
[
hˆµm(x), δ
ν
n1
]
= 0 ,
[
hˆµm(x), hˆ
ν
n(y)
]
= iΛµνδmnδ(x − y). (14)
This expansion will become important concerning the calculation of the generalized field equations below. In this
paper will be treated the usual case of a (3+1)-dimensional Minkowski space-time. To be able to define coherent states
for the tetrad field operator eˆµm it is of course necessary to divide the space-time manifold into two two-dimensional
submanifolds by defining the following special shape for the noncommutativity tensor Λµν in (12) according to the
consideration of the last section:
Λµν =


0 λa 0 0
−λa 0 0 0
0 0 0 λb
0 0 −λb 0

 . (15)
To maintain Lorentz invariance there has to be chosen: λa = λb ≡ λ. This condition of Lorentz invariance can
only be fulfilled, since Λµν is a tensor rather than a constant matrix. The definition (15) then implies the following
commutation relations between the components of the tetrad field being analogue to (5):
[
eˆ1m(x), eˆ
2
n(y)
]
= iλδmnδ(x− y) ,
[
eˆ3m(x), eˆ
4
n(y)
]
= iλδmnδ(x− y). (16)
IV. DEFINITION OF COHERENT STATES CONCERNING THE GRAVITATIONAL FIELD
In this section there will now be defined coherent states with respect to operators which are constructed from the
components of the tetrad field operator eˆµm fulfilling the special manifestation of the algebra (12) induced by (15) and
leading to (16). There can be followed exactly the formalism developed with respect to noncommutative coordinates
transferred to the tetrad field for the special case of a (3+1)-dimensional Minkowski space-time. Accordingly there
can be defined the following operators:
aˆm =
1√
2λ
(
eˆ1m + ieˆ
2
m
)
, aˆ†m =
1√
2λ
(
eˆ1m − ieˆ2m
)
,
bˆm =
1√
2λ
(
eˆ3m + ieˆ
4
m
)
, bˆ†m =
1√
2λ
(
eˆ3m − ieˆ4m
)
, (17)
fulfilling the commutation relations
5[
aˆm(x), aˆ
†
n(y)
]
= δmnδ(x − y) ,
[
bˆm(x), bˆ
†
n(y)
]
= δmnδ(x − y), (18)
and thus behave as creation and annihilation operators. Since in the special case of d = D/2 = 2 only two pairs of
creation and annihilation operators arise, they are denoted with am,a
†
m and bm, b
†
m instead of distinguishing them by
an index. The components of the tetrad field operator eˆµm can be expressed by the operators (17) as follows:
eˆ1m =
√
λ
2
(
aˆm + aˆ
†
m
)
, eˆ2m = −i
√
λ
2
(
aˆm − aˆ†m
)
,
eˆ3m =
√
λ
2
(
bˆm + bˆ
†
m
)
, eˆ4m = −i
√
λ
2
(
bˆm − bˆ†m
)
. (19)
To simplify the notation the quantities Eˆµm and Eˆ
µ†
m are defined according to
Eˆµm =
√
λ
2
(
aˆm,−iaˆm, bˆm,−ibˆm
)
, Eˆµ†m =
√
λ
2
(
aˆ†m, iaˆ
†
m, bˆ
†
m, ibˆ
†
m
)
, (20)
which fulfil the commutation relation
[
Eˆµm(x), Eˆ
ν†
n (y)
]
= iΓµνδmnδ(x− y), (21)
where the tensor Γµν has been introduced which is defined as
Γµν =
λ
2


−i 1 0 0
−1 −i 0 0
0 0 −i 1
0 0 −1 −i

 . (22)
The tetrad field operator eˆµm can now be expressed by using the definition (20),
eˆµm = Eˆ
µ
m + Eˆ
µ†
m . (23)
Accordingly the usual tetrad field is related to the field Eµm and its complex conjugated field E
µ∗
m according to
eµm = E
µ
m + E
µ∗
m . (24)
If there are defined coherent states within the Hilbert spaces Ha and Hb in which the operators aˆm,aˆ†m respectively
bˆm,bˆ
†
m act and which represent eigenstates of aˆm and bˆm as ket-vectors and eigenstates of aˆ
†
m and bˆ
†
m as bra-vectors,
these states of course also represent eigenstates of the operator Eˆµm and its hermitian adjoint Eˆ
µ†
m . The coherent states
which depend of course on the space-time point, since they refer to field operators, are defined according to
|am(x)〉 = exp
[
−|am(x)|
2
2
]
exp
[
am(x)aˆ
†
m(x)
] |0〉 = exp [−|am(x)|2
2
] ∞∑
n=0
[am(x)]
n
√
n!
|nam(x)〉,
|bm(x)〉 = exp
[
−|bm(x)|
2
2
]
exp
[
bm(x)bˆ
†
m(x)
]
|0〉 = exp
[
−|bm(x)|
2
2
] ∞∑
n=0
[bm(x)]
n
√
n!
|nbm(x)〉, (25)
where |nam(x)〉 = [
aˆ†
m
(x)]
n
√
n!
|0〉 and |nbm(x)〉 = [
bˆ†
m
(x)]
n
√
n!
|0〉 are the eigenstates with respect to the occupation number
operators aˆ†m(x)aˆm(x) and bˆ
†
m(x)bˆm(x) meaning that
aˆ†m(x)aˆm(x)|nam(x)〉 = nam(x)|nam(x)〉 , bˆ†m(x)bˆm(x)|nbm(x)〉 = nbm(x)|nbm(x)〉, (26)
6where nam(x) and nbm(x) describe the corresponding eigenvalues of the occupation number operators. The coherent
states (25) fulfil the following eigenvalue equations:
aˆm(x)|am(x)〉 = am(x)|am(x)〉 , bˆm(x)|bm(x)〉 = bm(x)|bm(x)〉,
〈am(x)|aˆ†m(x) = 〈am(x)|a∗m(x) , 〈bm(x)|bˆ†m(x) = 〈bm(x)|b∗m(x), (27)
where a, a∗, b, b∗ are the corresponding eigenvalues to the operators aˆ, aˆ†, bˆ, bˆ†. By building the tensor product of
the several Minkowski components of the eigenstates |am〉 and |bm〉 respectively,
|A〉 =
4∏
m=1
|am〉 , |B〉 =
4∏
m=1
|bm〉, (28)
and then building the tensor product of |A〉 and |B〉,
|Ψ〉 = |A〉 ⊗ |B〉 =
4∏
m=1
|am〉 ⊗
4∏
n=1
|bn〉, (29)
one obtains a state |Ψ〉 being an eigenstate of all components of Eˆµm meaning that
Eˆµm(x)|Ψ(x)〉 =
√
λ
2
[
aˆm(x),−iaˆm(x), bˆm(x),−ibˆm(x)
] 4∏
n=1
|an(x)〉 ⊗ |bn(x)〉
=
√
λ
2
[am(x),−iam(x), bm(x),−ibm(x)]
4∏
n=1
|an(x)〉 ⊗ |bn(x)〉 = Eµm(x)|Ψ(x)〉,
〈Ψ(x)|Eˆµ†m (x) =
4∏
n=1
〈an(x)| ⊗ 〈bn(x)|
√
λ
2
[
aˆ†m(x), iaˆ
†
m(x), bˆ
†
m(x), ibˆ
†
m(x)
]
=
4∏
n=1
〈an(x)| ⊗ 〈bn(x)|
√
λ
2
[a∗m(x), ia
∗
m(x), b
∗
m(x), ib
∗
m(x)] = 〈Ψ(x)|Eµ∗m (x). (30)
This means that an expectation value can be defined for the tetrad field operator eˆµm and for all quantities depending
on the tetrad field operator eˆµm by expressing the tetrad field operator eˆ
µ
m through Eˆ
µ
m and its hermitian adjoint Eˆ
µ†
m
and then building expectation values with respect to |Ψ〉. Of course |Ψ〉 has to obey the normalization condition
〈Ψ|Ψ〉 = 1. According to (13) and (14) the operator Hˆµm can analogously be introduced which is related to hˆµm as Eˆµm
is related to eˆµm according to (23),
hˆµm = Hˆ
µ
m + Hˆ
µ†
m , (31)
fulfilling the same commutation relation as Eˆµm given in (21),
[
Hˆµm(x), Hˆ
ν†
n (y)
]
= iΓµνδmnδ(x − y). (32)
corresponding eigenstates |Φ〉 can be defined which correspond to the eigenstates |Ψ〉 of Eˆµm for which hold the relations
being analogue to (30),
Hˆµm|Φ〉 = Hµm|Φ〉 , 〈Φ|Hˆµ†m = 〈Φ|Hˆµ∗m . (33)
The eigenstates |Φ〉 of course have also to obey the normalization condition 〈Φ|Φ〉 = 1.
7V. CONSTRUCTION OF EXPECTATION VALUES WITH RESPECT TO COHERENT STATES
An expectation value of any function of the tetrad field operator f(eˆµm) can be defined with respect to a coherent
state analogue to (10) by expressing the tetrad field operator eˆµm through the field operator Eˆ
µ
m and its hermitian
adjoint operator Eˆµ†m ,
〈f(eˆµm)〉 = 〈Ψ|f(eˆµm)|Ψ〉 = 〈Ψ|f(Eˆµm, Eˆµ†m )|Ψ〉 = F (Eµm, Eµ∗m ) = F (eµm), (34)
where F (eµm) describes a new function depending on the usual tetrad field and generally containing additional terms.
If the function f(eˆµm) = f(Eˆ
µ
m, Eˆ
µ†
m ) depends linear on the tetrad field operator eˆ
µ
m, then the operators Eˆ
µ
m and Eˆ
µ†
m
can directly be applied to |Ψ〉 and the expectation value of the function depending on the tetrad field operator eˆµm
yields the function depending on the usual tetrad field eµm as will be shown below using the example of the expectation
value of the single tetrad field operator eˆµm yielding the usual tetrad field e
µ
m itself. If f(eˆ
µ
m) = f(Eˆ
µ
m, Eˆ
µ†
m ) contains
products of the tetrad field operator eˆµm and thus products of the operators Eˆ
µ
m and Eˆ
µ†
m , then the products have to be
permuted in such a way that all factors Eˆµ†m are to the left of the factors Eˆ
µ
m. This can of course be performed by using
the commutation relation (21) being a direct consequence of (12). Since there are usually just considered pointwise
products of fields, the delta function within the commutator does not appear explicitly within the calculations. Then
the eigenvalue equations (30) as well as the equation (24) can be used to reexpress the obtained expression in terms
of the eigenvalues Eµm and E
µ∗
m belonging to the operator Eˆ
µ
m and its hermitian adjoint Eˆ
µ†
m respectively by the usual
tetrad field eµm. In this way the explicit expression of the expectation value (34) can be calculated which yields to
every function depending on the tetrad field which is converted to a function depending on the tetrad field operator a
generalized function which depends on the usual tetrad field again. The idea is now to obtain a generalization of the
dynamics of the gravitational field according to general relativity by using expectation values of the corresponding
expressions describing the dynamics of general relativity and depending on the tetrad field operator fulfilling the
noncommutativity algebra (12). This means that the extended description of general relativity according to the
approach of this paper is obtained by two steps: First within the usual quantities depending on the tetrad field the
usual tetrad field eµm is replaced by the tetrad field operator eˆ
µ
m defined according to (12),
f(eµm)→ f(eˆµm), (35)
and after this the expectation value between coherent states is built according to (34). Before approaching the
generalized description of the dynamics of general relativity as it will be done in the next two sections there shall first
be given some examples as a kind of preparation in this section. As already mentioned above the expectation value
for the tetrad field itself corresponds to the usual tetrad field eµm,
〈eˆµm〉 = 〈Ψ|eˆµm|Ψ〉 = 〈Ψ|
(
Eˆµm + Eˆ
µ†
m
)
|Ψ〉 = 〈Ψ| (Eµm + Eµ∗m ) |Ψ〉 = Eµm + Eµ∗m = eµm. (36)
In (36) have been used (23),(24), (30) and of course the normalization condition 〈Ψ|Ψ〉 = 1. If the expectation value
of the metric field operator gˆµν being related to the tetrad field operator eˆµm according to gˆ
µν = eˆµmeˆ
ν
nη
mn, where
ηmn = diag (1,−1,−1,−1) denotes the Minkowski metric, is considered, the situation becomes already a little bit
more complicated. After replacing the tetrad field operator eˆµm by using equation (23) one permutation has to be
performed and accordingly one obtains an additional constant term,
〈gˆµν〉 = 〈Ψ|gˆµν |Ψ〉 = 〈Ψ|ηmneˆµmeˆνn|Ψ〉 = 〈Ψ|ηmn
(
Eˆµm + Eˆ
µ†
m
)(
Eˆνn + Eˆ
ν†
n
)
|Ψ〉
= 〈Ψ|ηmn
(
EˆµmEˆ
ν
n + Eˆ
µ
mEˆ
ν†
n + Eˆ
µ†
m Eˆ
ν
n + Eˆ
ν†
m Eˆ
ν†
n
)
|Ψ〉
= 〈Ψ|ηmn
(
EˆµmEˆ
ν
n + E
ν†
n Eˆ
µ
m+ˆ
[
Eˆµm, E
ν†
n
]
+ Eˆµ†m Eˆ
ν
n + Eˆ
ν†
m Eˆ
ν†
n
)
|Ψ〉
= 〈Ψ|ηmn
(
EˆµmEˆ
ν
n + Eˆ
ν†
n Eˆ
µ
m + Eˆ
µ†
m Eˆ
ν
n + Eˆ
ν†
m Eˆ
ν†
n + iΓ
µνδmn
)
|Ψ〉
= 〈Ψ|ηmn (EµmEνn + Eν∗n Eµm + Eµ∗m Eνn + Eν∗m Eν∗n + iΓµνδmn) |Ψ〉
= 〈Ψ|ηmneµmeνn|Ψ〉+ 〈Ψ|iΓµνηmnδmn|Ψ〉 = gµν − 2iΓµν . (37)
As a more complicated example this procedure of obtaining generalized functions depending on the usual tetrad field
by building of an expectation value of the usual function converted to a function depending on the tetrad field operator
8shall be applied to the volume element. Replacing the tetrad field eµm by the tetrad field operator eˆ
µ
m, building the
expectation value and expressing the tetrad field operator eˆµm by the operator Eˆ
µ
m leads to the following expression:
〈Vˆ 〉 =
∫
d4x 〈Ψ| det (eˆµm) |Ψ〉 =
∫
d4x 〈Ψ|ǫabcdǫµνρσ eˆµa eˆνb eˆρc eˆσd |Ψ〉
=
∫
d4x 〈Ψ|ǫabcdǫµνρσ
(
Eˆµa + Eˆ
µ†
a
)(
Eˆνb + Eˆ
ν†
b
)(
Eˆρc + Eˆ
ρ†
c
)(
Eˆσd + Eˆ
σ†
d
)
|Ψ〉
=
∫
d4x 〈Ψ|ǫabcdǫµνρσ
(
Eˆµa Eˆ
ν
b Eˆ
ρ
c Eˆ
σ
d + Eˆ
µ
a Eˆ
ν
b Eˆ
ρ
c Eˆ
σ†
d + Eˆ
µ
a Eˆ
ν
b Eˆ
ρ†
c Eˆ
σ
d + Eˆ
µ
a Eˆ
ν†
b Eˆ
ρ
c Eˆ
σ
d
Eˆµ†a Eˆ
ν
b Eˆ
ρ
c Eˆ
σ
d + Eˆ
µ
a Eˆ
ν
b Eˆ
ρ†
c Eˆ
σ†
d + Eˆ
µ
a Eˆ
ν†
b Eˆ
ρ
c Eˆ
σ†
d + Eˆ
µ
a Eˆ
ν†
b Eˆ
ρ†
c Eˆ
σ
d
Eˆµ†a Eˆ
ν
b Eˆ
ρ
c Eˆ
σ†
d + Eˆ
µ†
a Eˆ
ν
b Eˆ
ρ†
c Eˆ
σ
d + Eˆ
µ†
a Eˆ
ν†
b Eˆ
ρ
c Eˆ
σ
d + Eˆ
µ
a Eˆ
ν†
b Eˆ
ρ†
c Eˆ
σ†
d
Eˆµ†a Eˆ
ν
b Eˆ
ρ†
c Eˆ
σ†
d + Eˆ
µ†
a Eˆ
ν†
b Eˆ
ρ
c Eˆ
σ†
d + Eˆ
µ†
a Eˆ
ν†
b Eˆ
ρ†
c Eˆ
σ
d + Eˆ
µ†
a Eˆ
ν†
b Eˆ
ρ†
c Eˆ
σ†
d
)
|Ψ〉, (38)
where has been used that the determinant of the tetrad field operator can be expressed as follows: det [eˆµm] =
ǫabcdǫµνρσ eˆ
µ
a eˆ
ν
b eˆ
ρ
c eˆ
σ
d , where ǫµνρσ denotes the total antisymmetric tensor in four dimensions. Permutation of the
operator Eˆµm and the operator Eˆ
µ†
m by using (21) leads to
〈Vˆ 〉 =
∫
d4x 〈Ψ|ǫabcdǫµνρσ
(
Eˆµa Eˆ
ν
b Eˆ
ρ
c Eˆ
σ
d + Eˆ
σ†
a Eˆ
µ
b Eˆ
ν
d Eˆ
ρ
c + iΓ
µσδadEˆ
ν
b Eˆ
ρ
c + iEˆ
µ
aΓ
νσδbdEˆ
ρ
c
+iEˆµa Eˆ
ν
b Γ
ρσδcd + Eˆ
ρ†
c Eˆ
µ
a Eˆ
ν
b Eˆ
σ
d + iΓ
µρδacEˆ
ν
b Eˆ
σ
d + iEˆ
µ
aΓ
νρδbcEˆ
σ
d
+Eˆν†b Eˆ
µ
a Eˆ
ρ
c Eˆ
σ
d + iΓ
µνδabEˆ
ρ
c Eˆ
σ
d + Eˆ
µ†
a Eˆ
ν
b Eˆ
ρ
c Eˆ
σ
d + Eˆ
ρ†
c Eˆ
σ†
d Eˆ
µ
a Eˆ
ν
b
+iEˆσ†d Eˆ
µ
aΓ
νρδbc − ΓµσδadΓνρδbc + iΓµρδacEˆσ†d Eˆνb − ΓµρδacΓνσδbd
+iEˆρ†c Eˆ
µ
aΓ
νσδbd + iEˆ
ρ†
c Eˆ
ν
b Γ
µσδad + Eˆ
ν†
b Eˆ
σ†
d Eˆ
µ
a Eˆ
ρ
c + iEˆ
ν†
b Γ
µσδadEˆ
ρ
c
+iEˆν†b Eˆ
µ
aΓ
ρσδcd + iΓ
µνδabEˆ
σ†
d Eˆ
ρ
c − ΓµνδabΓρσδcd + Eˆν†b Eˆρ†c Eˆµa Eˆσd
+iEˆν†b Γ
µρδacEˆ
σ
d + iΓ
µνδabEˆ
ρ†
c Eˆ
σ
d + Eˆ
µ†
a Eˆ
σ†
d Eˆ
ν
b Eˆ
ρ
c + iEˆ
µ†
a Eˆ
ν
b Γ
ρσδcd
+iEˆµ†a Γ
νσδbdEˆ
ρ
c + Eˆ
µ†
a Eˆ
ρ†
c Eˆ
ν
b Eˆ
σ
d + iEˆ
µ†
a Γ
νρδbcEˆ
σ
d + Eˆ
µ†
a Eˆ
ν†
b Eˆ
ρ
c Eˆ
σ
d
+Eˆν†b Eˆ
ρ†
c Eˆ
σ†
d Eˆ
µ
a + iΓ
µνδabEˆ
ρ†
c Eˆ
σ†
d + iEˆ
ν†
b Γ
µρδacEˆ
σ†
d + iEˆ
ν†
b Eˆ
ρ†
c Γ
µσδad
+Eˆµ†a Eˆ
ρ†
c Eˆ
σ†
d Eˆ
ν
b + iEˆ
µ†
a Γ
νρδbcEˆ
σ†
d + iEˆ
µ†
a Eˆ
ρ†
c Γ
νσδbd + Eˆ
µ†
a Eˆ
ν†
b Eˆ
σ†
d Eˆ
ρ
c
+iEˆµ†a Eˆ
ν†
b Γ
ρσδcd + Eˆ
µ†
a Eˆ
ν†
b Eˆ
ρ†
c Eˆ
σ
d + Eˆ
µ†
a Eˆ
ν†
b Eˆ
ρ†
c Eˆ
σ†
d
)
|Ψ〉 (39)
and applying the operators to the coherent states by using (30) and then reexpressing the obtained expression de-
pending on the eigenvalues Eµm and E
µ∗
m by the tetrad field e
µ
m by using (24) finally leads to
〈Vˆ 〉 =
∫
d4x
[
det (eµm) + ǫ
abcdǫµνρσ (−ΓµσδadΓνρδbc − ΓµρδacΓνσδbd − ΓµνδabΓρσδcd
+iΓρσδcdE
µ
aE
ν
b + iΓ
ρσδcdE
µ
aE
ν∗
b + iΓ
ρσδcdE
µ∗
a E
ν
b + iΓ
ρσδcdE
µ∗
a E
ν∗
b
+iΓνσδbdE
µ
aE
ρ
c + iΓ
νσδbdE
µ
aE
ρ∗
c + iΓ
νσδbdE
µ∗
a E
ρ
c + iΓ
νσδbdE
µ∗
a E
ρ∗
c
+iΓνρδbcE
µ
aE
σ
d + iΓ
νρδbcE
µ
aE
σ∗
d + iΓ
νρδbcE
µ∗
a E
σ
d + iΓ
νρδbcE
µ∗
a E
σ∗
d
+iΓµσδadE
ν
bE
ρ
c + iΓ
µσδadE
ν
bE
ρ∗
c + iΓ
µσδadE
ν∗
b E
ρ
c + iΓ
µσδadE
ν∗
b E
ρ∗
c
+iΓµρδacE
ν
bE
σ
d + iΓ
µρδacE
ν
bE
σ∗
d + iΓ
µρδacE
ν∗
b E
σ
d + iΓ
µρδacE
ν∗
b E
σ∗
d
+iΓµνδabE
ρ
cE
σ
d + iΓ
µνδabE
ρ
cE
σ∗
d + iΓ
µνδabE
ρ∗
c E
σ
d + iΓ
µνδabE
ρ∗
c E
σ∗
d )]
=
∫
d4x
[
det (eµm) + ǫ
abcdǫµνρσ (iΓ
ρσδcde
µ
ae
ν
b + iΓ
νσδbde
µ
ae
ρ
c + iΓ
νρδbce
µ
ae
σ
d + iΓ
µσδade
ν
b e
ρ
c
+iΓµρδace
ν
b e
σ
d + iΓ
µνδabe
ρ
ce
σ
d − ΓµσδadΓνρδbc − ΓµρδacΓνσδbd − ΓµνδabΓρσδcd)] . (40)
Thus the expectation value of the volume element operator contains many additional terms which now also depend
on the tetrad field eµm. In the next two sections this procedure to obtain generalized classical expressions for the
generalized quantities of general relativity formulated in terms of the tetrad field operator eˆµm will be used to obtain
generalized dynamics of general relativity.
9VI. GENERALIZED FIELD EQUATION FOR MATTER COUPLED TO GRAVITY
The effective field equations of matter fields as well as the gravitational field respectively in the extended description
of general relativity with components of the tetrad field which do not commute are according to the considerations of
the last section obtained by replacing the usual tetrad field eµm by the tetrad field operator eˆ
µ
m within the corresponding
action, then varying the action with respect to the tetrad field operator and finally building the expectation value of
the resulting field equation containing the tetrad field operator. Varying the action with the usual tetrad field replaced
by the tetrad field operator yields of course the usual field equation with the tetrad field replaced by the tetrad field
operator. The expectation value has then to be built according to (34) and yields the generalized field equation.
However, building the expectation value of the action with the usual tetrad field replaced by tetrad field operator
and then varying the resulting action which depends again on the tetrad field would lead to other field equations
which are not considered in this paper. In this section the generalized matter field equation of a fermionic field will
be considered whereas in the next section will be considered the generalized Einstein field equation describing the
dynamics of the gravitational field itself which are both obtained by performing the procedure mentioned above. The
action of a fermionic matter field on curved space-time which is thus coupled to the gravitational field reads
SM [e] =
∫
d4x det [eµm] iψ¯γ
meµm
(
∂µ +
i
2
ωabµ [e]Σab
)
ψ, (41)
where the γm denote the Dirac matrices, ψ¯ = ψ†γ0 and the Σab = − i4 [γa, γb] denote the generators of the Lorentz
group fulfilling [Σab,Σcd] = ηbcΣad− ηacΣbd+ ηbdΣca− ηadΣcb. The spin connection ωabµ [e] depends on the tetrad field
emµ in the following way:
ωabµ [e] = 2e
ν[a∂[µe
b]
ν] + eµce
νaeσb∂[σe
c
ν]. (42)
Remark that the brackets denote antisymmetrization meaning that [ab] = ab − ba. Replacing the usual tetrad field
by the tetrad field operator obeying (12), eµm → eˆµm, within (41) leads to the following action:
SM [e]→ SˆM [eˆ] =
∫
d4x det [eˆµm] iψ¯γ
meˆµm
(
∂µ +
i
2
ωˆabµ [eˆ]Σab
)
ψ. (43)
The corresponding field equation containing the tetrad field operator eˆµm is obtained by varying the resulting action
with respect to the matter field. Building of the expectation value by using coherent states (29) leads then to the
generalized Dirac equation on curved space-time containing the usual tetrad field eµm,
〈Ψ|δSˆM [eˆ]
δψ¯
= 0|Ψ〉 ⇔ 〈Ψ| 1
det [eˆµm]
δSˆM [eˆ]
δψ¯
|Ψ〉 = 0. (44)
After concrete variation of the matter action on curved space-time depending on the tetrad field operator eˆµm obtained
in (43) with respect to ψ¯ (44) reads
〈Ψ|iγmeˆµm
(
∂µ +
i
2
ωˆabµ [eˆ]Σab
)
ψ|Ψ〉 = 0, (45)
and inserting the explicit term of the spin connection (42) transformed to the corresponding expression depending on
the tetrad field operator eˆµm leads to
〈Ψ|iγmeˆµm
[
∂µ +
i
2
(
2eˆν[a∂[µeˆ
b]
ν] + eˆµceˆ
νaeˆσb∂[σ eˆ
c
ν]
)
Σab
]
ψ|Ψ〉 = 0. (46)
To be able to treat the calculation the exact expression of (46) will not be considered, but a series expansion of the
tetrad field operator eˆµm around δ
µ
m instead will be considered as it has been introduced in (13) and (14). As usual
such a series expansion makes sense, if the perturbation hµm of the classical expansion, e
µ
m = δ
µ
m+h
µ
m, which becomes
an operator after postulating (12) is assumed to be very small. Aft
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(13), eˆµm = δ
µ
m1+ hˆ
µ
m, where hˆ
µ
m fulfils according to (14) the same algebra as eˆ
µ
m. Concerning the further calculation
there will be referred to the operators and states defined with respect to the expansion hˆµm in (31),(32),(33) and (29)
which are mathematically of course isomorphic to the operators and states defined with respect to eˆµm. In particular,
a calculation to the third order in the expansion operator hˆµm will be considered, since in case of the generalized
Einstein field equation considered in the next section the terms of the first and second order do not differ from the
usual case which means that they yield no additional terms. Accordingly the expectation value of the equation can
be expressed as follows:
〈Φ|iγm
[
Dˆm(hˆ
0) + Dˆm(hˆ
1) + Dˆm(hˆ
2) + Dˆm(hˆ
3)
]
ψ|Φ〉+O
(
hˆ4
)
= 0, (47)
where Dˆm(hˆ
0) describes the term of the covariant derivative which does not depend on the perturbation of the tetrad
field operator hˆµm and Dˆm(hˆ
1), Dˆm(hˆ
2) and Dˆm(hˆ
3) describe the terms of the covariant derivative to the first, second
and third order in hˆµm. Accordingly Dˆm(hˆ
0), Dˆm(hˆ
1), Dˆm(hˆ
2) and Dˆm(hˆ
3) are defined as
Dˆm
(
hˆ0
)
= ∂m,
Dˆm
(
hˆ1
)
= hˆµm∂µ +
i
2
[
2δν[a∂[mhˆ
b]
ν] + ∂
[bhˆa]m
]
Σab,
Dˆm
(
hˆ2
)
=
i
2
[
2hˆν[a∂[mhˆ
b]
ν] + hˆmcδ
νaδσb∂[σhˆ
c
ν] + δmchˆ
νaδσb∂[σhˆ
c
ν] + δmcδ
νahˆσb∂[σhˆ
c
ν]
+hˆµm
(
2δν[a∂[µhˆ
b]
ν] + ∂
[bhˆa]µ
)]
Σab,
Dˆm
(
hˆ3
)
=
i
2
[
hˆmchˆ
νaδσb∂[σhˆ
c
ν] + hˆmcδ
νahˆσb∂[σhˆ
c
ν] + δmchˆ
νahˆσb∂[σhˆ
c
ν]
+hˆµm
(
2hˆν[a∂[µhˆ
b]
ν] + hˆµcδ
νaδσb∂[σhˆ
c
ν] + δµchˆ
νaδσb∂[σhˆ
c
ν] + δµcδ
νahˆσb∂[σhˆ
c
ν]
)]
Σab. (48)
The expectation value of the term iγmDˆm
(
hˆ0
)
ψ can of course be given directly without a long calculation, since it
does not contain the operator hˆµm,
〈Φ|iγmDˆm
(
hˆ0
)
ψ|Φ〉 = 〈Φ|iγm∂mψ|Φ〉 = iγm∂mψ. (49)
To calculate the expectation values of the other terms it is necessary to treat the commutator of derivatives of Eˆµm or
Hˆµm respectively, since these terms contain such derivatives. These commutators can be calculated as follows:
[
∂ρEˆ
µ
m(x), ∂σEˆ
ν†
n (y)
]
=
∂
∂xρ
∂
∂yσ
[
Eˆµm(x), Eˆ
ν†
n (y)
]
=
∂
∂xρ
∂
∂yσ
[iΓµνδmnδ(x − y)]
= iΓµνδmn
∂
∂xρ
∂
∂yσ
δ(x− y)
= −iΓµνδmn ∂
∂xρ
δ(x− y) ∂
∂yσ
= iΓµνδmnδ(x− y) ∂
∂xρ
∂
∂yσ
, (50)
where in the second step of (50) has been used (21) and in the forth and the fifth step has been used a special property
of the delta function:
∫
d4x f(x)∂µδ(x − a) = −
∫
d4x δ(x − a)∂µf(x). (51)
From (50) one can easily see that the following commutation relations are valid as well:
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[
∂ρEˆ
µ
m(x), Eˆ
ν†
n (y)
]
= −iΓµνδmnδ(x− y) ∂
∂xρ
,
[
Eˆµm(x), ∂ρEˆ
ν†
n (y)
]
= −iΓµνδmnδ(x− y) ∂
∂yρ
,
[
∂ρ∂σEˆ
µ
m(x), Eˆ
ν†
n (y)
]
= iΓµνδmnδ(x− y) ∂
∂xρ
∂
∂xσ
,
[
Eˆµm(x), ∂ρ∂σEˆ
ν†
n (y)
]
= iΓµνδmnδ(x− y) ∂
∂yρ
∂
∂yσ
. (52)
And of course this implies that accordingly also the corresponding commutation relations containing derivatives with
respect to Hµm are valid,
[
∂ρHˆ
µ
m(x), ∂σHˆ
ν†
n (y)
]
= iΓµνδmnδ(x− y) ∂
∂xρ
∂
∂yσ
,
[
∂ρHˆ
µ
m(x), Hˆ
ν†
n (y)
]
= −iΓµνδmnδ(x − y) ∂
∂xρ
,
[
Hˆµm(x), ∂ρHˆ
ν†
n (y)
]
= −iΓµνδmnδ(x− y) ∂
∂yρ
,
[
∂ρ∂σHˆ
µ
m(x), Hˆ
ν†
n (y)
]
= iΓµνδmnδ(x− y) ∂
∂xρ
∂
∂xσ
,
[
Hˆµm(x), ∂ρ∂σHˆ
ν†
n (y)
]
= iΓµνδmnδ(x− y) ∂
∂yρ
∂
∂yσ
. (53)
From (50),(52) and (53) it becomes clear that the commutator between derivatives of Eˆµ and Eˆ
†
µ as well as Hˆµ and Hˆ
†
µ
vanishes, if the expression where the commutator appears contains no further field factors. Within the applications of
the commutation relations within the calculation of the generalized actions below the delta functions do not appear
explicitly. If there appear several derivatives, they refer to the same variable, since there always appear pointwise
products of fields. This has already been the case concerning the calculation of the volume element (38),(39),(40).
Besides the importance of the commutation relations (50),(52) and (53) which contain derivatives it is further decisive
that the application of derivatives of the operators Eˆµm or Hˆ
µ
m to a coherent state, |Ψ〉 or |Φ〉, yields the derivative of
the corresponding eigenvalue which means that
∂νEˆ
µ
m|Ψ〉 = ∂νEµm|Ψ〉 , 〈Ψ|∂νEˆµ†m = 〈Ψ|∂νEµ∗m , ∂νHˆµm|Φ〉 = ∂νHµm|Φ〉 , 〈Φ|∂νHˆµ†m = 〈Φ|∂νHµ∗m . (54)
The validity of the identities (54) can be shown as follows:
∂νEˆ
µ
m(x)|Ψ(x)〉 = lim
ǫ→0
Eˆµm(x+ ǫ)− Eˆµm(x)
ǫν
|Ψ(x)〉 = lim
ǫ→0
Eµm(x+ ǫ)− Eµm(x)
ǫν
|Ψ(x)〉 = ∂νEµm(x)|Ψ(x)〉, (55)
where has been used in the second step that limǫ→0 |Ψ(x + ǫ)〉 = |Ψ(x)〉 and therefore limǫ→0 Eˆµm(x + ǫ)|Ψ(x)〉 =
limǫ→0 Eˆµm(x + ǫ)|Ψ(x + ǫ)〉 = limǫ→0Eµm(x + ǫ)|Ψ(x + ǫ)〉 = limǫ→0Eµm(x + ǫ)|Ψ(x)〉. To calculate the expectation
values of the expressions iγmDˆm
(
hˆ1
)
ψ, iγmDˆm
(
hˆ2
)
ψ and iγmDˆm
(
hˆ3
)
ψ defined through (48), the operator hˆµm
within the expressions (48) has to be replaced by Hˆµm and Hˆ
µ†
m due to (31), then the permutation has to be performed
by using the commutation relations (53) and after this the operators can be applied to the coherent state |Φ〉. For
the expression iγmDˆm
(
hˆ1
)
ψ defined through (48) the commutation relations (53) are not necessary, since there only
appear linear expressions and therefore iγmDˆm
(
hˆ1
)
ψ yields no additional terms compared with the classical case,
〈Φ|iγmDˆm
(
hˆ1
)
ψ|Φ〉 = 〈Φ|iγm
{
hˆµm∂µ +
i
2
[
2δν[a∂[mhˆ
b]
ν] + ∂
[bhˆa]m
]
Σab
}
ψ|Φ〉
= 〈Φ|iγm
{(
Hˆµm + Hˆ
µ†
m
)
∂µ +
i
2
[
2δν[a
(
∂[mHˆ
b]
ν] + ∂[mHˆ
b]†
ν]
)
+
(
∂[bHˆa]m + ∂
[bHˆa]†m
)]
Σab
}
ψ|Φ〉
= 〈Φ|iγm
{
hµm∂µ +
i
2
[
2δν[a∂[mh
b]
ν] + ∂
[bha]m
]
Σab
}
ψ|Φ〉
= iγm
{
hµm∂µ +
i
2
[
2δν[a∂[mh
b]
ν] + ∂
[bha]m
]
Σab
}
ψ. (56)
In the second step of (56) has of course been used (54). The expectation value of iγmDm
(
hˆ2
)
ψ defined through (48)
is calculated in the following way:
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〈Φ|iγmDˆm
(
hˆ2
)
ψ|Φ〉 = 〈Φ| i
2
[(
2hˆν[a∂[mhˆ
b]
ν] + hˆmcδ
νaδσb∂[σhˆ
c
ν] + δmchˆ
νaδσb∂[σhˆ
c
ν] + δmcδ
νahˆσb∂[σhˆ
c
ν]
)
+hˆµm
(
2δν[a∂[µhˆ
b]
ν] + ∂
[bhˆa]µ
)]
iΣabγ
mψ|Φ〉
= 〈Φ| i
2
{[
2
(
Hˆν[a + Hˆν[a†
)(
∂[mHˆ
b]
ν] + ∂[mHˆ
b]†
ν]
)
+
(
Hˆmc + Hˆ
†
mc
)
δνaδσb
(
∂[σHˆ
c
ν] + ∂[σHˆ
c†
ν]
)
+δmc
(
Hˆνa + Hˆνa†
)
δσb
(
∂[σHˆ
c
ν] + ∂[σHˆ
c†
ν]
)
+ δmcδ
νa
(
Hˆσb + Hˆσb†
)(
∂[σHˆ
c
ν] + ∂[σHˆ
c†
ν]
)]
+
(
Hˆµm + Hˆ
µ†
m
) [
2δν[a
(
∂[µHˆ
b]
ν] + ∂[µHˆ
b]†
ν]
)
+
(
∂[bHˆa]µ + ∂
[bHˆa]†µ
)]}
iΣabγ
mψ|Φ〉
=
[
2
(
hν[a∂[mh
b]
ν]χ
m
ab − i∂[mχmabΓνν]δ[ab]
)
+ δνaδσb
(
hmc∂[σh
c
ν]χ
m
ab − 4i∂[σχmabΓmν]
)
+δmcδ
σb
(
hνa∂[σh
c
ν]χ
m
ab − i∂[σχmabΓνν]δac
)
+ δmcδ
νa
(
hσb∂[σh
c
ν]χ
m
ab − i∂[σχmabΓσν]δbc
)]
+2δν[a
(
hµm∂[µh
b]
ν]χ
m
ab − i∂[µχmabΓµν]δb]m
)
+
(
hµm∂
[bha]µ χ
m
ab − i∂[bχmabΓ a]m
)
, (57)
where has been defined: χmab = − 12γmΣabψ. In the last step of (57) has been used the following identity:
〈Φ|
(
Hˆmµ + Hˆ
m†
µ
)(
∂ρHˆ
n
ν + ∂ρHˆ
n†
ν
)
f(x)|Φ〉
= 〈Φ|
(
Hˆmµ ∂ρHˆ
n
ν + ∂ρHˆ
n†
ν Hˆ
m
µ + [Hˆ
m
µ , ∂ρHˆ
n†
ν ] + Hˆ
m†
µ ∂ρHˆ
n
ν + Hˆ
m†
µ ∂ρHˆ
n†
ν
)
f(x)|Φ〉
= 〈Φ|
(
Hˆmµ ∂ρHˆ
n
ν + ∂ρHˆ
n†
ν Hˆ
m
µ + Hˆ
m†
µ ∂ρHˆ
n
ν + Hˆ
m†
µ ∂ρHˆ
n†
ν − iΓµνδmn∂ρ
)
f(x)|Φ〉
= 〈Φ| (Hmµ ∂ρHnν + ∂ρHn∗ν Hmµ +Hm∗µ ∂ρHnν +Hm∗µ ∂ρHn∗ν − iΓµνδmn∂ρ) f(x)|Φ〉
= 〈Φ| (Hmµ +Hm∗µ ) (∂ρHnν + ∂ρHn∗ν ) f(x)− iΓµνδmn∂ρf(x)|Φ〉
= hmµ ∂ρh
n
νf(x)− iΓµνδmn∂ρf(x), (58)
where has been used (53) and f(x) denotes an arbitrary field. The expectation value of iγmDˆm
(
hˆ3
)
ψ defined through
(48) can be calculated in the following way:
〈Φ|iγmDˆm
(
hˆ3
)
ψ|Φ〉 = 〈Φ| i
2
[
hˆmchˆ
νaδσb∂[σhˆ
c
ν] + hˆmcδ
νahˆσb∂[σhˆ
c
ν] + δmchˆ
νahˆσb∂[σhˆ
c
ν]
+hˆµm
(
2hˆν[a∂[µhˆ
b]
ν] + hˆµcδ
νaδσb∂[σhˆ
c
ν] + δµchˆ
νaδσb∂[σhˆ
c
ν] + δµcδ
νahˆσb∂[σhˆ
c
ν]
)]
iγmΣabψ|Φ〉
= 〈Φ| i
2
{(
Hˆmc + Hˆ
†
mc
)(
Hˆνa + Hˆνa†
)
δσb
(
∂[σHˆ
c
ν] + ∂[σHˆ
c†
ν]
)
+
(
Hˆmc + Hˆ
†
mc
)
δνa
(
Hˆσb + Hˆσb†
)(
∂[σHˆ
c
ν] + ∂[σHˆ
c†
ν]
)
+ δmc
(
Hˆνa + Hˆνa†
)(
Hˆσb + Hˆσb†
)(
∂[σHˆ
c
ν] + ∂[σHˆ
c†
ν]
)
+
(
Hˆµm + Hˆ
µ†
m
) [
2
(
Hˆν[a + Hˆν[a†
)(
∂[µHˆ
b]
ν] + ∂[µHˆ
b]†
ν]
)
+
(
Hˆµc + Hˆ
†
µc
)
δνaδσb
(
∂[σHˆ
c
ν] + ∂[σHˆ
c†
ν]
)
+δµc
(
Hˆνa + Hˆνa†
)
δσb
(
∂[σHˆ
c
ν] + ∂[σHˆ
c†
ν]
)
+ δµcδ
νa
(
Hˆσb + Hˆσb†
)(
∂[σHˆ
c
ν] + ∂[σHˆ
c†
ν]
)]}
iγmΣabψ|Φ〉
= δσb [hmch
νa∂σh
c
νχ
m
ab − iΓ νm∂σhaνχmab − 4iΓmν∂σ (hνaχmab)− iΓνν∂σ (hamχmab)]
+δνa
[
hmch
σb∂σh
c
νχ
m
ab − iΓ σm∂σhbνχmab − 4iΓmν∂σ
(
hσbχmab
)− iΓσν∂σ (hbmχmab)]
+δmc
[
hνahσb∂σh
c
νχ
m
ab − iΓνσδab∂σhcνχmab − iΓννδac∂σ
(
hσbχmab
)− iΓσνδbc∂σ (hνaχmab)]
+2
[
hµmh
ν[a∂[µh
b]
ν]χ
m
ab − iΓµνδ[am∂[µhb]ν]χmab − i∂[µ
(
hν[aχmab
)
Γµν]δ
b]
m − i∂[µ (hµmχmab) Γνν]δ[ab]
]
+δνaδσb
[
hµmhµc∂[σh
c
ν]χ
m
ab − iΓµµδmc∂[σhcν]χmab − i∂[σ (hµcχcab) Γµν] − 4i∂[σ (hµmχmab) Γµν]
]
+δµcδ
σb
[
hµmh
νa∂[σh
c
ν]χ
m
ab − iΓµν∂[σhcν]χaab − i∂[σ (hνaχcab) Γµν] − i∂[σ (hµmχmab) Γνν]δac
]
+δµcδ
νa
[
hµmh
σb∂[σh
c
ν]χ
m
ab − iΓµσ∂[σhcν]χbab − i∂[σ
(
hσbχcab
)
Γµν] − i∂[σ (hµmχmab) Γσν]δbc
]
. (59)
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In the last step of (59) has been used the following identity:
〈Φ|
(
Hˆaµ + Hˆ
a†
µ
)(
Hˆbν + Hˆ
b†
ν
)(
∂σHˆ
c
ρ + ∂σHˆ
c†
ρ
)
f(x)|Φ〉
= 〈Φ|
[
HˆaµHˆ
b
ν∂σHˆ
c
ρ + Hˆ
a
µHˆ
b
ν∂σHˆ
c†
ρ + Hˆ
a
µ, Hˆ
b†
ν ∂σHˆ
c
ρ + Hˆ
a
µHˆ
b†
ν ∂σHˆ
c†
ρ
+Hˆa†µ Hˆ
b
ν∂σHˆ
c
ρ + Hˆ
a†
µ Hˆ
b
ν∂σHˆ
c†
ρ + Hˆ
a†
µ Hˆ
b†
ν ∂σHˆ
c
ρ + Hˆ
a†
µ Hˆ
b†
ν ∂σHˆ
c†
ρ
]
f(x)|Ψ〉
= 〈Ψ|
[
HˆaµHˆ
b
ν∂σHˆ
c
ρ + ∂σHˆ
c†
ρ Hˆ
a
µHˆ
b
ν +
[
Hˆaµ, ∂σHˆ
c†
ρ
]
Hˆbν + Hˆ
a
µ
[
Hˆbν , ∂σHˆ
c†
ρ
]
+Hˆb†ν Hˆ
a
µ∂σHˆ
c
ρ +
[
Hˆaµ, Hˆ
b†
ν
]
∂ρHˆ
c
ρ + Hˆ
b†
ν ∂ˆσHˆ
c†
ρ H
a
µ + Hˆ
b†
ν
[
Hˆaµ, ∂σHˆ
c†
ρ
]
+
[
Hˆaµ, Hˆ
b†
ν
]
∂σHˆ
c†
ρ
+Hˆa†µ Hˆ
b
ν∂σHˆ
c
ρ + Hˆ
a†
µ ∂σHˆ
c†
ρ Hˆ
b
ν + Hˆ
a†
µ
[
Hˆbν , ∂σHˆ
c†
ρ
]
+ Hˆa†µ Hˆ
b†
ν ∂σHˆ
c
ρ + Hˆ
a†
µ Hˆ
b†
ν ∂σHˆ
c†
ρ
]
f(x)|Φ〉
= 〈Φ|
[
HˆaµHˆ
b
ν∂σHˆ
c
ρf(x) + ∂σHˆ
c†
ρ Hˆ
a
µHˆ
b
νf(x)− iΓµρδac∂σ
(
Hˆbνf(x)
)
− iΓνρδbc∂σ
(
Hˆaµf(x)
)
+Hˆb†ν Hˆ
a
µ∂σHˆ
c
ρf(x)− iΓµνδab∂σHˆcρf(x) + Hˆb†ν ∂ˆσHˆc†ρ Haµf(x)− iΓµρδac∂σ
(
Hˆb†ν f(x)
)
− iΓµνδab∂σHˆc†ρ f(x)
+Hˆa†µ Hˆ
b
ν∂σHˆ
c
ρf(x) + Hˆ
a†
µ ∂σHˆ
c†
ρ Hˆ
b
νf(x)− iΓνρδbc∂σ
(
Hˆa†µ f(x)
)
+ Hˆa†µ Hˆ
b†
ν ∂σHˆ
c
ρf(x) + Hˆ
a†
µ Hˆ
b†
ν ∂σHˆ
c†
ρ f(x)
]
|Φ〉
= 〈Φ|{HaµHbν∂σHcρf(x) + ∂σHc∗ρ HaµHbνf(x) +Hb∗ν Haµ∂σHcρf(x) +Hb∗ν ∂σHc∗ρ Haµf(x)
+Ha∗µ H
b
ν∂σH
c
ρf(x) +H
a∗
µ ∂σH
c∗
ρ H
b
νf(x) +H
a∗
µ H
b∗
ν ∂σH
c
ρf(x) +H
a∗
µ H
b∗
ν ∂σH
c∗
ρ f(x)
−iΓµνδab
[
∂σH
c
ρ + ∂σH
c∗
ρ
]
f(x) − iΓµρδac
[
∂σ
(
Hbνf(x)
)
+ ∂σ
(
Hb∗ν f(x)
)]
−iΓνρδbc
[
∂σ
(
Haµf(x)
)
+ ∂σ
(
Ha∗µ f(x)
)]} |Φ〉
= haµh
b
ν∂σh
c
ρf(x)− iΓµνδab∂σhcρf(x)− iΓµρδac∂σ
[
hbνf(x)
]− iΓνρδbc∂σ [haµf(x)] , (60)
where has been used (53) again and from which can be seen directly that it also holds
〈Φ|
(
Hˆaµ + Hˆ
a†
µ
)(
∂σHˆ
b
ν + ∂σHˆ
b†
ν
)(
∂λHˆ
c
ρ + ∂λHˆ
c†
ρ
)
f(x)|Φ〉
= haµ∂σh
b
ν∂λh
c
ρf(x) + iΓµνδ
ab∂σ
[
∂λh
c
ρf(x)
]
+ iΓµρδ
ac∂λ
[
∂σh
b
νf(x)
]
+ iΓνρδ
bc∂σ∂λ
[
haµf(x)
]
, (61)
what will be become important concerning the derivation of the generalized Einstein field equation in the next section.
Thus the generalized matter field equation to the third order in hµm is given by (47) with the concrete expressions for
the expectation values calculated in (49),(56),(57) and (59).
VII. GENERALIZED EINSTEIN FIELD EQUATION
In the last section has been derived the expectation value of the matter field equation referring to a fermionic field
containing the tetrad field operator eˆµm which is nothing else than a generalized Dirac equation on curved space-time.
In this section there will be considered the generalized dynamics of the gravitational field itself which is usually
described by the Einstein field equation. In accordance with the above derivation of the generalized matter field
equation the Einstein-Hilbert action with the tetrad field replaced by the tetrad field operator has to be considered
to obtain the correct generalized Einstein field equation. The usual Einstein-Hilbert action expressed by the tetrad
field eµm reads
SEH [e] =
∫
d4x det [eµm] e
µ
ae
ν
bR
ab
µν [e], (62)
where the Riemann tensor Rabµν is expressed by the spin connection ω
ab
ν as follows:
Rabµν [e] = ∂µω
ab
ν [e]− ∂νωabµ [e] + ωacµ [e]ωcbν [e]− ωacν [e]ωcbµ [e], (63)
the spin connection ωabµ [e] depends on the tetrad field e
µ
m according to (42) and therefore inserting the corresponding
expression for the spin connection (42) to the Riemann tensor (63) yields the following expression for the Riemann
tensor in dependence on the tetrad field eµm:
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Rabµν = ∂µ
(
2eρ[a∂[νe
b]
ρ] + eνde
ρaeσb∂[σe
d
ρ]
)
− ∂ν
(
2eρ[a∂[µe
b]
ρ] + eµde
ρaeσb∂[σe
d
ρ]
)
(64)
+
(
4eρ[a∂[µe
c]
ρ]e
λ[c∂[νe
b]
λ] + 2e
ρ[a∂[µe
c]
ρ]eνee
λceκb∂[κe
e
λ] + 2eµde
ρaeσc∂[σe
d
ρ]e
λ[c∂[νe
b]
λ] + eµde
ρaeσc∂[σe
d
ρ]eνee
λceκb∂[κe
e
λ]
)
−
(
4eρ[a∂[νe
c]
ρ]e
λ[c∂[µe
b]
λ] + 2e
ρ[a∂[νe
c]
ρ]eµee
λceκb∂[κe
e
λ] + 2eνde
ρaeσc∂[σe
d
ρ]e
λ[c∂[µe
b]
λ] + eνde
ρaeσc∂[σe
d
ρ]eµee
λceκb∂[κe
e
λ]
)
.
To obtain the dynamics of the generalized theory analogue to the matter action the transition eµm → eˆµm has to be
performed with respect to the Einstein-Hilbert action (62),
SEH [e]→ SˆEH [eˆ] =
∫
d4x det [eˆµm] eˆ
µ
a eˆ
ν
b Rˆ
ab
µν [eˆ]. (65)
The obtained action SˆEH [eˆ] has to be varied with respect to eˆ
µ
m to derive the corresponding Einstein field equation
containing the tetrad field operator eˆµm. The generalized Einstein field equation containing the usual tetrad field
eµm can then be inferred by building the expectation value of this equation in complete analogy to the case of the
derivation of the generalized matter field equation,
〈Ψ|δSˆEH [eˆ]
δeˆµa
= 0|Ψ〉 ⇔ 〈Ψ| 1
det [eˆµa ]
δSˆEH [eˆ]
δeˆµa
|Ψ〉 = 0⇔ 〈Ψ|Gˆaµ[eˆ]|Ψ〉 = 〈Ψ|Rˆaµ[eˆ]−
1
2
Rˆ[eˆ]eˆaµ|Ψ〉 = 0, (66)
where has been used the definition of the generalized Einstein tensor: Gˆaµ[eˆ] = Rˆ
a
µ[eˆ] − 12 Rˆ[eˆ]eˆaµ. (66) describes the
expectation value of the Einstein field equation of the free gravitational field expressed in terms of the tetrad field
operator eˆµm. To obtain the expectation value of the Einstein field equation containing the tetrad field operator in the
presence of matter the generalized matter action obtained in (43) for example has to be included leading to
〈Ψ| 1
det[eˆµa ]
(
δSˆEH [eˆ]
δeˆµa
+
δSˆM [eˆ]
δeˆµa
)
|Ψ〉 = 0⇔ 〈Ψ|eˆνb Rˆabµν [eˆ]−
1
2
eˆνb eˆ
ρ
cRˆ
bc
νρ[eˆ]eˆ
a
µ|Ψ〉 = −8πG〈Ψ|Tˆ aµ [eˆ]|Ψ〉
⇔ 〈Ψ|Gˆaµ[eˆ]|Ψ〉 = 〈Ψ|Rˆaµ[eˆ]−
1
2
Rˆ[eˆ]eˆaµ|Ψ〉 = −8πG〈Ψ|Tˆ aµ [eˆ]|Ψ〉, (67)
where have been used the definitions of the generalized Ricci tensor, Rˆaµ = eˆ
ν
b Rˆ
ab
µν , and the generalized Ricci scalar,
Rˆ = eˆµa eˆ
ν
b Rˆ
ab
µν , as well as the definition of the energy momentum tensor transferred to the definition of the generalized
energy momentum tensor depending on the tetrad field operator eˆµm,
Tˆ aµ [eˆ] =
1
det[eˆµa ]
δSˆM [eˆ]
δeˆµa
, (68)
where the matter action SˆM [eˆ] depending on the tetrad field operator eˆ
µ
m is defined according to (43) for example, if
the matter field is a fermionic field. To calculate the concrete expression of the expectation value of the generalized
Einstein field equation (67), again a series expansion according to (13) has to be performed, eˆµm = δ
µ
m1+ hˆ
µ
m, leading
to an expectation value of the Einstein field equation containing the tetrad field operator which is of the following
shape:
〈Φ|Gˆaµ[hˆ1] + Gˆaµ[hˆ2] + Gˆaµ[hˆ3]|Φ〉+O
(
hˆ4
)
= −8πG〈Φ|Tˆ aµ [hˆ, hˆ2, hˆ3]|Φ〉+O
(
hˆ4
)
, (69)
where Gˆaµ[hˆ
1], Gˆaµ[hˆ
2] and Gˆaµ[hˆ
3] denote the expressions of the Einstein tensor depending linear, quadratic and to
the third power on hˆµm and have the following shape, where µ ↔ ν denotes the term in the bracket with the indices
µ and ν exchanged:
Gˆaµ[hˆ
1] =
[
∂µ
(
2δρ[a∂[bhˆ
b]
ρ] + ∂
[bhˆ
a]
b
)
− µ↔ b
]
− 1
2
[
∂b
(
2δσ[b∂[chˆ
c]
σ] + ∂
[chˆb]c
)
− b↔ c
]
δaµ, (70)
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Gˆaµ[hˆ
2] =
[
∂µ
(
2hˆρ[a∂[bhˆ
b]
ρ] + hˆbdδ
ρaδσb∂[σhˆ
d
ρ] + δbdhˆ
ρaδσb∂[σhˆ
d
ρ] + δbdδ
ρahˆσb∂[σhˆ
d
ρ]
)
+4δρ[a∂[µhˆ
c]
ρ]δ
λ[c∂[bhˆ
b]
λ] + 2δ
ρ[a∂[µhˆ
c]
ρ]∂
[bhˆ
c]
b + 2∂
[chˆa]µ δ
λ[c∂[bhˆ
b]
λ] + ∂
[chˆa]µ ∂
[bhˆ
c]
b − µ↔ b
]
+hˆνb
[
∂µ
(
2δρ[a∂[ν hˆ
b]
ρ] + ∂
[bhˆa]ν
)
− µ↔ ν
]
−1
2
[
∂b
(
2hˆλ[b∂[chˆ
c]
λ] + hˆceδ
λbδσc∂[σhˆ
e
λ] + δcehˆ
λbδσc∂[σhˆ
e
λ] + δceδ
λbhˆσc∂[σhˆ
e
λ]
)
+4δτ [b∂[bhˆ
d]
τ ]δ
λ[d∂[chˆ
c]
λ] + 2δ
τ [b∂[bhˆ
d]
τ ]∂
[chˆd]c + 2∂
[dhˆ
b]
b δ
λ[d∂[chˆ
c]
λ] + ∂
[dhˆ
b]
b ∂
[chˆd]c − b↔ c
]
δaµ
−1
2
hˆνb
[
∂ν
(
2δσ[b∂[chˆ
c]
σ] + ∂
[chˆb]c
)
− ν ↔ c
]
δaµ −
1
2
hˆρc
[
∂b
(
2δσ[b∂[ρhˆ
c]
σ] + ∂
[chˆb]ρ
)
− b↔ ρ
]
δaµ
−1
2
[
∂b
(
2δσ[b∂[chˆ
c]
σ] + ∂
[chˆb]c
)
− b↔ c
]
hˆaµ, (71)
Gˆaµ[hˆ
3] =
[
∂µ
(
hˆbdhˆ
ρaδσb∂[σhˆ
d
ρ] + hˆbdδ
ρahˆσb∂[σhˆ
d
ρ] + δbdhˆ
ρahˆσb∂[σhˆ
d
ρ]
)
+ 4hˆρ[a∂[µhˆ
c]
ρ]δ
λ[c∂[bhˆ
b]
λ]
+2hˆρ[a∂[µhˆ
c]
ρ]∂
[bhˆ
c]
b + 2hˆµdδ
ρaδσc∂[σhˆ
d
ρ]δ
λ[c∂[bhˆ
b]
λ] + 2δµdhˆ
ρaδσc∂[σhˆ
d
ρ]δ
λ[c∂[bhˆ
b]
λ] + 2δµdδ
ρahˆσc∂[σhˆ
d
ρ]δ
λ[c∂[bhˆ
b]
λ]
+hˆµdδ
ρaδσc∂[σhˆ
d
ρ]∂
[bhˆ
c]
b + δµdhˆ
ρaδσc∂[σhˆ
d
ρ]∂
[bhˆ
c]
b + δµdδ
ρahˆσc∂[σhˆ
d
ρ]∂
[bhˆ
c]
b + 4δ
ρ[a∂[µhˆ
c]
ρ]hˆ
λ[c∂[bhˆ
b]
λ]
+2∂[chˆa]µ hˆ
λ[c∂[bhˆ
b]
λ] + 2δ
ρ[a∂[µhˆ
c]
ρ]hˆbeδ
λcδκb∂[κhˆ
e
λ] + 2δ
ρ[a∂[µhˆ
c]
ρ]δbehˆ
λcδκb∂[κhˆ
e
λ] + 2δ
ρ[a∂[µhˆ
c]
ρ]δbeδ
λchˆκb∂[κhˆ
e
λ]
+∂[chˆa]µ hˆbeδ
λcδκb∂[κhˆ
e
λ] + ∂
[chˆa]µ δbehˆ
λcδκb∂[κhˆ
e
λ] + ∂
[chˆa]µ δbeδ
λchˆκb∂[κhˆ
e
λ] − µ↔ b
]
+hˆνb
[
∂µ
(
2hˆρ[a∂[ν hˆ
b]
ρ] + hˆνdδ
ρaδσb∂[σhˆ
d
ρ] + δνdhˆ
ρaδσb∂[σhˆ
d
ρ] + δνdδ
ρahˆσb∂[σhˆ
d
ρ]
)
+ 4δρ[a∂[µhˆ
c]
ρ]δ
λ[c∂[ν hˆ
b]
λ]
+2δρ[a∂[µhˆ
c]
ρ]∂
[bhˆc]ν + 2∂
[chˆa]µ δ
λ[c∂[ν hˆ
b]
λ] + ∂
[chˆa]µ ∂
[bhˆc]ν − µ↔ ν
]
−1
2
[
∂b
(
hˆcehˆ
σbδλc∂[λhˆ
e
σ] + hˆceδ
σbhˆλc∂[λhˆ
e
σ] + δcehˆ
σbhˆλc∂[λhˆ
e
σ]
)
+ 4hˆσ[b∂[bhˆ
d]
σ]δ
κ[d∂[chˆ
c]
κ]
+2hˆσ[b∂[bhˆ
d]
σ]∂
[chˆd]c + 2hˆbeδ
σbδλd∂[λhˆ
e
σ]δ
κ[d∂[chˆ
c]
κ] + 2δbehˆ
σbδλd∂[λhˆ
e
σ]δ
κ[d∂[chˆ
c]
κ] + 2δbeδ
σbhˆλd∂[λhˆ
e
σ]δ
κ[d∂[chˆ
c]
κ]
+hˆbeδ
σbδλd∂[λhˆ
e
σ]∂
[chˆd]c + δbehˆ
σbδλd∂[λhˆ
e
σ]∂
[chˆd]c + δbeδ
σbhˆλd∂[λhˆ
e
σ]∂
[chˆd]c + 4δ
σ[b∂[bhˆ
d]
σ]hˆ
κ[d∂[chˆ
c]
κ]
+2∂[dhˆ
b]
b hˆ
κ[d∂[chˆ
c]
κ] + 2δ
σ[b∂[bhˆ
d]
σ]hˆcfδ
κdδτc∂[τ hˆ
f
κ] + 2δ
σ[b∂[bhˆ
d]
σ]δcf hˆ
κdδτc∂[τ hˆ
f
κ] + 2δ
σ[b∂[bhˆ
d]
σ]δcfδ
κdhˆτc∂[τ hˆ
f
κ]
+∂[dhˆ
b]
b hˆcfδ
κdδτc∂[τ hˆ
f
κ] + ∂
[dhˆ
b]
b δcf hˆ
κdδτc∂[τ hˆ
f
κ] + ∂
[dhˆ
b]
b δcfδ
κdhˆτc∂[τ hˆ
f
κ] − b↔ c
]
δaµ
−1
2
hˆνb
[
∂ν
(
2hˆσ[b∂[chˆ
c]
σ] + hˆceδ
σbδλc∂[λhˆ
e
σ] + δcehˆ
σbδλc∂[λhˆ
e
σ] + δceδ
σbhˆλc∂[λhˆ
e
σ]
)
+ 4δσ[b∂[ν hˆ
d]
σ]δ
κ[d∂[chˆ
c]
κ]
+2δσ[b∂[ν hˆ
d]
σ]∂
[chˆd]c + 2∂
[dhˆb]ν δ
κ[d∂[chˆ
c]
κ] + ∂
[dhˆb]ν ∂
[chˆd]c − ν ↔ c
]
δaµ
−1
2
hˆρc
[
∂b
(
2hˆσ[b∂[ρhˆ
c]
σ] + hˆρeδ
σbδλc∂[λhˆ
e
σ] + δρehˆ
σbδλc∂[λhˆ
e
σ] + δρeδ
σbhˆλc∂[λhˆ
e
σ]
)
+ 4δσ[b∂[bhˆ
d]
σ]δ
κ[d∂[ρhˆ
c]
κ]
+2δσ[b∂[bhˆ
d]
σ]∂
[chˆd]ρ + 2∂
[dhˆ
b]
b δ
κ[d∂[ρhˆ
c]
κ] + ∂
[dhˆ
b]
b ∂
[chˆd]ρ − b↔ ρ
]
δaµ
−1
2
[
∂b
(
2hˆσ[b∂[chˆ
c]
σ] + hˆceδ
σbδλc∂[λhˆ
e
σ] + δcehˆ
σbδλc∂[λhˆ
e
σ] + δceδ
σbhˆλc∂[λhˆ
e
σ]
)
+ 4δσ[b∂[bhˆ
d]
σ]δ
κ[d∂[chˆ
c]
κ]
+2δσ[b∂[bhˆ
d]
σ]∂
[chˆd]c + 2∂
[dhˆ
b]
b δ
κ[d∂[chˆ
c]
κ] + ∂
[dhˆ
b]
b ∂
[chˆd]c − b↔ c
]
hˆaµ
−1
2
hˆνb hˆ
ρ
c
[
∂ν
(
2δσ[b∂[ρhˆ
c]
σ] + ∂
[chˆb]ρ
)
− ν ↔ ρ
]
δaµ −
1
2
hˆρc
[
∂b
(
2δσ[b∂[ρhˆ
c]
σ] + ∂
[chˆb]ρ
)
− b↔ ρ
]
hˆaµ
−1
2
hˆνb
[
∂ν
(
2δσ[b∂[chˆ
c]
σ] + ∂
[chˆb]c
)
− ν ↔ c
]
hˆaµ. (72)
Within the expressions (70), (71) and (72) the Kronecker symbols have only been contracted, where this contraction
has improved the representation. The expectation values of the terms of the Einstein tensor which are linear in hˆµm
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and quadratic in hˆµm yield no additional terms arising from the noncommutativity of the tetrad field. This means that
it holds
〈Φ|Gmµ [hˆ1]|Φ〉 = Gmµ [h1] , 〈Φ|Gmµ [hˆ2]|Φ〉 = Gmµ [h2]. (73)
In case of the term Gˆmµ [hˆ
1] this is obvious, since no permutation of Hˆmµ and Hˆ
m†
µ has to be performed. In case of
Gˆmµ [hˆ
2] this property arises from the fact that there exist only terms which contain derivatives of hˆµm or Hˆ
m
µ and
according to (53) the commutators lead to derivatives acting on the other factors of the corresponding term. Since
these terms contain no further fields on the one hand and they are just quadratic in Hmµ on the other hand, the
commutators vanish. From (58) one can also see that there arise no additional terms from the expressions quadratic
in hˆµm, if there appear no further field factors. The expectation value of the term of the Einstein tensor depending on
hˆµm to the third order, Gˆ
m
µ [hˆ
3], yields additional terms depending on the noncommutativity parameter. To calculate
the expectation value the identities (60) and (61) have to be used. This leads to the following expression:
〈Φ|Gˆaµ[hˆ3]|Φ〉 =
[
∂µ
(
δσbΞ ad ρd b [σρ] + δ
ρaΞ bd σd b [σρ] + δbdΞ
abdρσ
[σρ]
)
+ 4δλ[cΩ
[ac]b]ρ
[µρ][bλ] + 2Ω
[ac] ρ [bc]
b [µρ]
+2δρaδσcδλ[cΩ
db]
d µ[σρ][bλ] + 2δµdδ
σcδλ[cΩ
adb]ρ
[σρ][bλ] + 2δµdδ
ρaδλ[cΩ
cdb]σ
[σρ][bλ] + δ
ρaδσcΩ
d [bc]
d bµ[σρ]
+δµdδ
σcΩ
ad ρ [bc]
b [σρ] + δµdδ
ρaΩ
cd σ [bc]
b [σρ] + 4δ
ρ[aΩ˜
c][cb] λ
[µρ] [bλ] + 2Ω˜
[cb][ca]λ
µ [bλ] + 2δ
ρ[aδλcδκbΩ˜
c] e
e [µρ]b[κλ]
+2δρ[aδbeδ
κbΩ˜
c]ce λ
[µρ] [κλ] + 2δ
ρ[aδbeδ
λcΩ˜
c]be κ
[µρ] [κλ] + δ
λcδκbΩ˜
e[ca]
µe b[κλ] + δbeδ
κbΩ˜
ce[ca]λ
µ [κλ] + δbeδ
λcΩ˜
be[ca]κ
µ [κλ] − µ↔ b
]
+
[
Ω
[ab]ν ρ
b µ [νρ] +∆
[ab]νρ
b µ[νρ] + δ
ρaδσbΩ dνbd µν[σρ] + δ
ρaδσb∆ dνbd νµ[σρ] + δνdδ
σbΩ adν ρb µ [σρ] + δνdδ
σb∆ adνρb µ[σρ]
+δνdδ
ρaΩ bdν σb µ [σρ] + δνdδ
ρa∆ bdνσb µ[σρ] + 4δ
ρ[aδλ[cΩ
c]b]ν
b [µρ][νλ] + 2δ
ρ[aΩ
c] ν [bc]
b ν [µρ] + 2δ
λ[cΩ
b]ν[ca]
bµ [νλ] +Ω
ν[ca][bc]
bµν − µ↔ ν
]
−1
2
[
∂b
(
δλcΞ be σe c [λσ] + δ
σbΞ ce λe c [λσ] + δceΞ
bceσλ
[λσ]
)
+ 4δκ[dΩ
[bd]c]σ
[bσ][cκ] + 2Ω
[bd] σ [cd]
c [bσ]
+2δσbδλdδκ[dΩ
ec]
e b[λσ][cκ] + 2δbeδ
λdδκ[dΩ
bec]σ
[λσ][cκ] + 2δbeδ
σbδκ[dΩ
dec]λ
[λσ][cκ] + δ
σbδλdΩ
e [cd]
e cb[λσ]
+δbeδ
λdΩ
be σ [cd]
c [λσ] + δbeδ
σbΩ
de λ [cd]
c [λσ] + 4δ
σ[bΩ˜
d][dc] κ
[bσ] [cκ] + 2Ω˜
[dc][db]κ
b [cκ]
+2δσ[bδκdδτcΩ˜
d] f
f [bσ]c[τκ] + 2δ
σ[bδcfδ
τcΩ˜
d]df κ
[bσ] [τκ] + 2δ
σ[bδcfδ
κdΩ˜
d]cf τ
[bσ] [τκ]
+δκdδτcΩ˜
f [db]
bf c[τκ] + δcfδ
τcΩ˜
df [db]κ
b [τκ] + δcfδ
κdΩ˜
cf [db]τ
b [τκ] − b↔ c
]
δaµ
−1
2
[
2Ω
[bc]ν σ
b ν [cσ] + 2∆
[bc]νσ
b ν[cσ] + δ
σbδλcΩ eνbe νc[λσ] + δ
σbδλc∆ eνbe cν[λσ] + δceδ
λcΩ beν σb ν [λσ] + δceδ
λc∆ beνσb ν[λσ]
+δceδ
σbΩ ceν λb ν [λσ] + δceδ
σb∆ ceνλb ν[λσ] + 4δ
σ[bδκ[dΩ
d]c]ν
b [νσ][cκ] + 2δ
σ[bΩ
d] ν [cd]
b c [νσ]
+2δκ[dΩ
c]ν[db]
bν [cκ] +Ω
ν[db][cd]
bνc − ν ↔ c
]
δaµ
−1
2
[
2Ω
[bc]ρ σ
c b [ρσ] + 2∆
[bc]ρσ
c b[ρσ] + δ
σbδλcΩ eρce bρ[λσ] + δ
σbδλc∆ eρce ρb[λσ] + δρeδ
λcΩ beρ σc b [λσ] + δρeδ
λc∆ beρσc b[λσ]
+δρeδ
σbΩ ceρ λc b [λσ] + δρeδ
σb∆ ceρλc b[λσ] + 4δ
σ[bδκ[dΩ
d]c]ρ
c [bσ][ρκ] + 2δ
σ[bΩ
d] ρ [cd]
c ρ [bσ]
+2δκ[dΩ
c]ρ[db]
cb [ρκ] +Ω
ρ[db][cd]
cbρ − b↔ ρ
]
δaµ
−1
2
[
2Ω
[bc]a σ
b [cσ]µ + 2∆˜
[bc]aσ
b[cσ]µ + δ
σbδλcΩ
ea
e bc[λσ]µ + δ
σbδλc∆˜ eae cb[λσ]µ + δceδ
λcΩ
bea σ
b [λσ]µ + δceδ
λc∆˜beaσb[λσ]µ
+δceδ
σbΩ
cea λ
b [λσ]µ + δceδ
σb∆˜ceaλb[λσ]µ + 4δ
σ[bδκ[dΩ
d]c]a
[bσ][cκ]µ + 2δ
σ[bΩ
d] a [cd]
c [bσ] µ
+δκ[dΩ
c]aν[db]
b [cκ]µ +Ω
a[db][cd]
bc µ − b↔ c
]
−1
2
[
2δσ[b∆
c]νρ
bc ν[ρσ] +∆
νρ [cb]
bcρ ν − ν ↔ ρ
]
δaµ −
1
2
[
2δσ[b∆˜
c]aρ
c b[ρσ]µ + ∆˜
aρ [cb]
cρ b µ − b↔ ρ
]
−1
2
[
2δσ[b∆˜
c]aν
b ν[cσ]µ + ∆˜
aν [cb]
bc ν µ − ν ↔ c
]
, (74)
where the quantities Ξabc µνσρ, ∆
abc
µνλσρ, ∆˜
abc
µλσνρ, Ω
abc
µλνσρ, Ω˜
abc
λµνσρ and Ω
abc
λµσνρ are defined as follows:
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Ξabc µνσρ = h
a
µh
b
ν∂σh
c
ρ − iΓµνδab∂σhcρ − iΓµρδac∂σhbν − iΓνρδbc∂σhaµ,
∆abc µνλσρ = h
a
µh
b
ν∂λ∂σh
c
ρ + iΓµνδ
ab∂λ∂σh
c
ρ + iΓµρδ
ac∂λ∂σh
b
ν + iΓνρδ
bc∂λ∂σh
a
µ,
∆˜abc µλσνρ = h
a
µ∂λ∂σh
b
νh
c
ρ + iΓµνδ
ab∂λ∂σh
c
ρ + iΓµρδ
ac∂λ∂σh
b
ν + iΓνρδ
bc∂λ∂σh
a
µ,
Ωabc µλνσρ = h
a
µ∂λh
b
ν∂σh
c
ρ + iΓµνδ
ab∂λ∂σh
c
ρ + iΓµρδ
ac∂λ∂σh
b
ν + iΓνρδ
bc∂λ∂σh
a
µ,
Ω˜abc λµνσρ = ∂λh
a
µh
b
ν∂σh
c
ρ + iΓµνδ
ab∂λ∂σh
c
ρ + iΓµρδ
ac∂λ∂σh
b
ν + iΓνρδ
bc∂λ∂σh
a
µ,
Ω
abc
λµσνρ = ∂λh
a
µ∂σh
b
νh
c
ρ + iΓµνδ
ab∂λ∂σh
c
ρ + iΓµρδ
ac∂λ∂σh
b
ν + iΓνρδ
bc∂λ∂σh
a
µ. (75)
This means that the generalized Einstein field equation has been calculated which is given by (69) with (73) and
thus (70) and (71) transformed to the corresponding expressions depending on the usual expansion field hµm and (74).
Accordingly generalized dynamics for the matter field coupled to gravity and for the gravitational field itself have
been derived by building expectation values of the corresponding matter field equation and the Einstein field equation
containing the tetrad field operator eˆµm with respect to coherent states referring to creation and annihilation operators
being built from the components of the tetrad field operator eˆµm. There appear imaginary components within the
expectation values of the field equations of the matter and the gravitational field. This is because the expressions
within the field equations in terms of the tetrad field operator are not hermitian, although the tetrad field operator
is hermitian, since a function of hermitian operators is not always hermitian as well. This means that the field
equations contain two independent conditions on the dynamical evolution of the matter field and the gravitational
field respectively being related to the real and the imaginary component.
VIII. SUMMARY AND DISCUSSION
It has been suggested a noncommutativity algebra for the components of the tetrad field describing the gravitational
field which behaves thus as an operator. This algebra corresponds to the algebra of the canonical case of usual
noncommutative geometry referring to the components of the space-time coordinate. The relation between the usual
quantization in quantum mechanics where is postulated a nonvanishing commutator between position and momentum
and the concept of noncommutative geometry where are postulated nonvanishing commutation relations between the
components of the position vector corresponds to the relation between canonical quantization of general relativity
and the noncommutativity of the tetrad field which has been presented in this paper. This is because canonical
quantization of general relativity postulates nonvanishing commutation relations between the quantity describing
the gravitational field and its canonical conjugated momentum and in the approach of this paper are postulated
nonvanishing commutation relations between the components of the quantity describing the gravitational field. In
this sense the concept of a description of general relativity with a noncommutative tetrad field as it is treated in this
paper could be considered as the consequence of an additional aspect of a fundamental quantum theory of gravity
with respect to a kind of semiclassical description of general relativity.
To describe the consequences of the noncommutativity of the tetrad field for the description of general relativity it
has been necessary to transfer the coherent state approach to noncommutative geometry to the case of noncommuting
components of the tetrad field and thus to the case of noncommuting field components. The necessity to use the
coherent state approach has its origin in the fact that in the star product approach there are treated fields depending
on noncommutative coordinates and therefore in this case it is possible to use a Weyl quantization which is a kind of
Fourier transformation between commuting and noncommuting coordinates. After the Weyl quantization products of
fields depending on the noncommutative coordinates are expressed by a sum of products of these fields depending on
the usual coordinates and in this way the generalization of a field theory depending on noncommutative coordinates can
be expressed by additional products depending on the noncommutativity parameter. But in the scenario considered
in this paper the components of a field themselves, namely of the gravitational field represented as tetrad field,
do not commute and therefore a Weyl quantization cannot be performed. In the coherent state approach there
are defined new expressions for the quantities depending on the noncommutative coordinates as expectation values
between coherent states which are defined with respect to operators constructed from the components of the space-
time coordinate. This procedure can be applied to coordinates as well as to fields. Therefore the coherent state
approach has been transferred to the tetrad field in this paper and accordingly the generalized quantities of general
relativity depending on the noncommutative tetrad field are defined as expectation values between coherent states
which are defined with respect to operators constructed from the components of the tetrad field operator. Based on
this concept the expectation value of the resulting operator of the metric field and of the volume element operator
have been calculated as examples. After this the generalized dynamics of a matter field coupled to gravity have been
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determined, a fermionic field especially, and the generalized dynamics of the gravitational field itself. These dynamics
were obtained by replacing the usual tetrad field by the corresponding tetrad field operator within the actions of the
fermionic field coupled to gravity and the Einstein-Hilbert action describing the dynamics of the gravitational field,
varying these actions by the tetrad field operator and then building the expectation values between the coherent states.
Since the expressions in an exact calculation would become very large, an expansion of the gravitational field around
the Minkowski metric or the corresponding Kronecker symbol describing the corresponding tetrad field respectively
was used and a calculation to the third order in the expansion field was performed, since the terms to the first and
second order do not lead to a modification of the expressions in case of the Einstein field equation.
The deviation terms of the field equations, which of course depend on the tensor Λµν defining the noncommutativity
algebra of the terad fields, are of lower order in hµm than the terms from which they arise. Since they are obtained from
the commutator of the tetrad field being proportional to Λµν the power is two orders lower. In case of the free Einstein
equation this means that the deviation terms are of first order in hµm and this implies that even in case of a small Λ
µν
for a very small perturbation of the gravitational field the deviation terms yield a bigger contribution than the usual
terms to the second and third order in hµm. Thus in the generalized Einstein equation it seems to be advantageous to
consider only the terms to the first order in hµm concerning the treatment of further investigations of the theory like
the solution of the field equations for the matter field and the gravitational field or the derivation of a propagator. It
would be interesting to explore the possible relation between the presented theory and the canonical quantization of
general relativity. Noncommutativity relations between coordinates can be derived as a consequence of a generalized
uncertainty relation between position and momentum in quantum mechanics. Analogously it could make sense to
postulate a generalized quantinzation rule for the gravitational field and its canonical conjugated momentum and to
derive the noncommutativity of the tetrad field from such a generalized quantum description of the gravitational field.
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